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1.1

Students will be able to:

1. Understand and use the concept of indefinite integral.
1.1 Determine integrals by reversing differentiation.

1.2 Determine integrals of ax" , where a is a constant and N is an integer, N #—1.

1.3 Determine integrals of algebraic expressions.
1.4 Find constant of integration, C, in indefinite integrals.
1.5 Determine equations of curves from functions of gradients.

1.6 Determine by substitution the integrals of the form (ax+ b)n , where & and b are constants, n is
an integer and n#—1.

Determining integrals by reversing differentiation.

a)

b)

c)

d)

Integration is the inverse process of differentiation .

d
The process of obtaining d—y from y (‘a function of x ) is known as differentiation. Hence, the process of
X
. dy _ _
obtaining y from d_ is known as integration.
X
Integration of y with respect to x , is denoted by j f (x)dx

d
If y is a function of x and d_y = f'(x) then j f'(x)dx = y + ¢ where c is arbitrary constant
X

1.2 Determining integrals of ax", where a is a constant and N is an integer, n #—1and determining
integrals of algebraic expressions.

Formula :
1. Integral of a constant Ikdx =kx+c where c is a constant
n . . . a n+l
2. Integral of ax ( ninteger, n #-1) is given by Iax"dxz 1 +c
n+
Example 2 . Integrate each of the following with respect to x
a) [8dx = b)J,ng = c)ijdx d)jidx
x5
e) I_i f)fidx g)f\/; h) | idx
2x4 x/; x2
Exercise 2 Integrate each of the following with respect to x
a) 16x3dx b) j—x5dx c) ij_zdx d)fidx
2x2
e) jidx f)x 8dx 9) [/ dx h) IL dx
x2 2&




Example 2 Integrate each of the following with respect to x

a) j(x2+2x3—6)dx b)j(g—%)dx c)j(x2+2)2dx d)j(x+4)gx_4):x
X X
Exercise 2 : Integrate each of the following with respect to x
7 5 3 3 2 d) [ (1-3x)(2+ x)dx
a) [(16x" +2x7 —7x7)dx 2 4—x
) [(16x" + ) b) | (7x X6)dx 0 10
X
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1.4 Finding constant of integration, C, in indefinite integrals.

the constant term

The value of the arbitrary constant in an integral can be found if one set corresponding values of the
two variables are given. After integrating the function, substitute the given values and then evaluate

Example 3:
d d
a) If d—y:2x+3, andy =3 when x =2, findyin b) Itis given that d—y: kx? +1,where k is a
X X

terms of x. [y = xX* = 3x +5 ]

constant
Whenx=1,y=6and whenx =-1,y =2 Find the
value of ywhen x =2 [Ansy=x3+x+4, 14]

Exercise 3

dy

a) If — = 4x* - 6x +1 and y =8, when x=2, Find y in

dx

terms of x. Find the value of y when
[Ansy = x* -3x%+x+2 ,y =59]

d
b) Given that d—y =2X+6 andy =10 when x = 2,

X
express yinterms of x [ansy = x>+ 6x—6 ]
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1.5 Determining equations of curves from functions of gradients.




Example 4:

a) The gradient of a curve passing through the point

dy

uawsmwmbyd x?(2x+1).Find the equation of
X

the curve . [Ans y = L;eri_% ]

b) The gradient function of a curve Passing through
the pointsis (0, 1) and (3, 1) is ax"+2., Find the
value of a and the equation of the curve . [Ans

_—2x3+2x+1 ]
9

Exercise 4

a) Find the equation of the curve that passes trough
the point (-1,0) and has the gradient function

dy

5 = 3x°+2x +1 [ Ans y = X>+x*+x+9 |
X

b) The gradient function of a curve passing through
the pointsis (-1, 8 ) and (3, 4) is kx-3 , Find the value
of k and the equation of the curve [Ans y = x*
3x+4]
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1.6 Determining by substitution the integrals of the form (aXer)n ,where a and b are constants, N is an

integer and n#—1

Integeral of (ax + b)" is given by formula :

n+1
[ (ax+b)"dx _ @b

a(n+1)
Example 5 : Integrate each of the following with respect to x
(a) | (Gx+3)3dx (b) [3(6x —7)%dx (©) j— 2 ax Dy 22
(2x+4) (4-4x)
Exercise 5 : Integrate each of the following with respect to x
1. [(5-3x)%dx 2. [(4x—5)"3dx 3 [— 1 dx 4.](3-4x) "
G-2x)4
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Students will be able to:
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2. Understand and use the concept of definite integral.

2.1 Find definite integrals of algebraic expressions.

2.2 Find areas under curves as the limit of a sum of areas.

2.3 Determine areas under curve using formula.

2.4 Find volume of revolutions when region bounded by a curve is rotated completely about
the a) x-axis b) y-axis as the limit of a sum of volumes

2.5 Determine volumes of revolutions using formula.

2.1 Finding definite integrals of algebraic expressions

If j f(x)dx =F(x) + c then j'f(x)dx:[F(x)Jrc]

b

[ F(b) +?3] -[F@ +c]
F(b) -F(@)

Example 6 : Evaluate
0 .3 .2 2424 2 2
1. [(@x°-x“+Ddx [Jb-1/3] | 2. | ———dx [Jb 3] 3 [(x© +3)(2x—-1)dx [Jb 34/3]
) 1 x? 0
Exercise 6 : Evaluate
3 3 244 2
1. [(3x“ —x+1)dx [Jb 51/2] 2). [(2x-1)(2x+1)dx [ Jb 98/3] 3 j—zdx [Jb 4/3]
0 1 1 X
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Laws Of Definite Integrals

Laws Example Laws Example
a 2 d) 2
a) | f(x)dx=0 x2dx = b b 2xdx =
! ! [k ()dx = k| f (x)dx !

b)
b

j f (x)dx = —T f (x)dx

a

e) i f (x)dx +Jc. f(x)dx = j f (x)dx

ie. .lfsxdx + _?f3xdx =
0 1

c) j [f(x) % g(x)]dx = j f (x)dx ij g(x)dx

Example 7

Exercise 7

5
1. Given that J.h(x)dx = 4, evaluate
1

5
(i) jzh(x)dx =
; hx
) X _
(i) ! 3 X
5
Gy [[h(x)+3]dx =
:
(iv) j 3h(x)dx =
5
(v) Find the value of ¥ if

Js.[h(x) + kx]dx = 28

5
2. I J. f (x)dx =10 . evaluate
52
(@) jsf (x)dx =
:
(b) j 2f (x)dx =
5

©) j[ f(x)—1]dx =

(d) j[s— f(x)]dx =

(e) i f (x)dx +j f (x)dx + i f(x)dx =

4
2. If ] f(x)dx =6,find the value of [ f(X+2,
0 o2
[Ans 7]

3x-1 dy

2.Giventhaty = and Pl 2h(x) where h(x) is a
X

X

1
function of x. Find the value of jh(x)dx [Ans 3]

-1

Ans 1) 8 ii) 4/3 iii) 16 iv)-12 v)k=2 2.a)80 b)-20c)7d)1 e) 10
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SPM QUESTIONS

1. SPM 1993
a) Find

M @@+@
) [

iiJ' 18

3
X b) Given that — g find the value
Bx_5) (b) ! f(x)dx =8

0fj-f(x;+2 .

0

2.SPM 1994
Find [ (2x+7)*dx

3. SPM 95 Evaluate b) Given that v = 2x-1 q
o) A0, Genthat y= =z an
1 3x? dy _ Zg(X)Where g(x) is a function of x.

dx
1
Find the value jg(x)dx

-1

4. SPM 1996
a) Given }f(x)dx:S and

3
IQ(X)dX _g Find the value of
1

a) iz f (x)dx+jg(x)dx

3 5. SPM 1997
b) kif [[g(x)—kx]dx =14 3
1 it [ f(x)dx = 6,find the value of

f[z f (x) - 5]dx

6. SPM 98 (b) Find the equation of a curve 7. SPM 1999
a) Find fv2(o, 1 that has the gradient function | siven d°Y =453+ 1 . When x = -1
@ I X2+ x4)dx (2x+1) and passes through v dx? X X
the point (—,—3) y= 1 and® =3 .Express y in terms
2 2 dx
of x
SPM 2000 SPM 2001
Given f[ f(x)dx=4 find the value of Answer
) 1) -1 . i) 3 _+C

5 X (3X - 5)2
a) j 2 f (x)dx a) 7

1 2x+7)*

2. ——,3. 713 b)2 3.b)4d b)k=-2

b) k if JZ' f(x)dx+j'[f () +kx]dx =11

2x° 1 A
52 6.2 a ———+C b)y=(2x+1)%8
3 X
x* x* 16
SPM 1999y = —+—+3X+—
5 2 5




2.2 Finding areas under curves as the limit of a sum of areas.
2.3 Determining areas under curve using formula.

x=b

1 The shaded area between the curve y =f(X), x=a , x =b and the x — axis as shown is given by Iydx

v

v = f(x)

0

2. The shaded area between the curve y = f(x), y =a, y=b and y — axis as shown is given by

o= _ffvi

X=a

y=b

dey

4 Find the area enclosed by the curve

Example 7 Area between a curve and the x — axis
Find the area of the shaded region

1 Calculate the area of the shaded
region in the diagram below. [
Ans 37 1/3 unit’]

y=2¢" 4t

(@) A [Ans2unit’]
(b) B [Ans 2/3 unit]

y = X(x-1)(x-2),lines x=0,x=2 and
axis-x [ Ans 1/2 unit’]

Exercise 7 :

3. Find the area enclosed by the

1. Find the area enclosed by the
curve y = 2x(3-x) and x-axis
[Ans 9 unit?]

2. Find the area enclosed by the
curve y = x* -8x +16, x-axis lines
x=1and x=6 [Ans 11 2/3]

curve y = x(x-1)(x-4) and x- axis [ Ans
71/6]




Example 8 : Area between a curve and the y — axis

1. Find the area bounded by the
curve y = 4x°, lines y = 4,y=1,
and y-axis .

[ Ans 7/3 unit’]

4

2. Find the area of the shaded
region [ Ans 10 2/3 unit® ]

3. Find the area of the shaded
region
[ Ans 9 unit? |

/=b-_3>2+2

! \

Exercise 8

1. Find the area bounded by the
curvey = 4x, lines y=1, y=5
and y — axis

[Ans 3unit?]

2. Find the area bounded by the
curve y’=x, linesy=-2,y=3 and
y—axis [Jb Ans 2/3]

2. Find the area of the shaded
region [ Ans 4 1/2]

X =y?-7y +10
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Area bounded by the curve y = f(x) and straight line y = g(x)

Y

Y
y = £{x) \
y = g(x) 1

e X

=t k » X ol ¢ a
b b d d
Area of shaded region = Ig(x)dx —I f (x)dx Area = I f(x)dx — I g(x)
a a C C
b d
= [[909)— f (x)]dx = [ () - g(0]dx
a C
Example 9 :
1.Diagram below shows a part of the | 2  Find the are of the shaded 3 Find the area bounded by the
curvey; = x? -3x +6 and line Yo = region [ Ans 1/6 ] line y =x +4 and the curve
x+3 1 y =4+ 3x-x* [ Ans 4/3 unit]
(a) Find coordinate of L and M X
(b) Area of a shaded region y=2
[(1,4) (3,6) 4/3 unit]
/ \= Sx-x -4
—> X
ol I 4
Exercise 9 :
1. Find the area bounded by the curve y = x(8-x) 2.Diagram shows graphs of
and the line y =3x y=x"-3x+8and y=8-x
[Ans 20 5/6] Find the area of the shaded

region [ 30 2/3]
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2.4 Finding volume of revolutions when region bounded by a curve is rotated completely about the
a) x-axis b) y-axis as the limit of a sum of volumes
2.5 Determining volumes of revolutions using formula

Volumes of solid of revolution

Notes

The volume of revolution V ,generated

axis from x = a to X = b is rotated about
the x-axis is

when the area under a curve y = f(x) by x-

The volume of revolution V ,generated
when the area under a curve y = f(x) by x-

axis from x = a to X = b is rotated about
the y-axis is
y

y=R0

Example 10 : Finding Volume of sgplid of revolutions

Find the volume of the solid of 1
Revolution when the area bounded
by the parabola y*= 4x and

line x=4 ,rotated about x — axis.
through 360° [Ans 32 7]

v o=4x
y hY

o

Calculate the volume of the solig
Generated when the shaded ~,
region in the diagram is revolvedg
through 360° about the y-axis

Exercise 10

1. Calculate the volume of the solid;
generated when the shaded
region in the diagram is revolved
through 360° about the x-axis

1
b1t
T

2.In the diagram PQ is a part of the curve

sector of a circle with centre O and angle
POQ = 30°. Find the volume generated

when the sector OPQ revolved

through 360° about the y — axis
[Jb 2.245]

x? + y>-4=0. Given that OPQ is a

Q
P €

» X
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SPM Question

SPM 93
Calculate the volume of the solid
generated when the shaded
region in the diagram is revolved
through 360° about the y-axis

1
Ans —
[ 27f]

b4

SPM94
Rajah 2 shows the graph of
y =x°- 4x+7 and y = 7- x. Calculate
the shaded region [ans 20 ]

SPM98
Diagram below shows the graph of

y =x*-2 and straight line g—% =1
Calculate the volume of the solid
generated when the shaded
region in the diagram is revolved
through 360° about the y-axis

k A

y=x 4+ Y y=x*-2
_ N
y=2 o] Rajak 2 \ > Z/ .
=7
\Jﬁ Ans 137
SM 97(a) SPM97(b) SPM96

The diagram below shows the line

y = 2x + 1 and the curve y = (x-2)(x-
4) that intersect at point (h,3)

Find

0] the value of h[jb 1]

(i) area of the shaded region
[Ans 10/3]

¥y=2x + 1

Y =(x — 2He — 4)

ol x

The diagram below shows the
shaded region which is bounded by
the curve y = 4-x* ,y = k and y- axis
When the shaded region is revolved
through 360° about y-axis, the
volume generated is 6 7 unit®
Find the value of k [Ansk=2]

>

= 4 — x?

r ,
/

The diagram below shows a curve

y = X(x-1)(x+3) . Find the area which
is bounded by the curve , line x=-2
X =1 and x-axis .

[Jb9]

N

—T 0|

v x{x-x+ N

[ ..
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